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We discuss various issues concerning the behaviors near the boundary (a = 0, 7r) 
and the midpoint (a = 7r/2) of the open string coordinate X(a) and its conjugate 
momentum P(cr) = —i5/5X(a) acting on the matter projectors of vacuum string 
field theory. Our original interest is in the dynamical change of the boundary con- 
ditions of the open string coordinate from the Neumann one in the translationally 
invariant backgrounds to the Dirichlet one in the D-brane backgrounds. We find 
that the Dirichlet boundary condition is realized on a lump solution only partially 
and only when its parameter takes a special value. On the other hand, the string 
midpoint has a mysterious property: it obeys the Neumann (Dirichlet) condition 
in the translationally invariant (lump) background. 
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1 Introduction 



One of the most celebrated catch-phrases for string field theory (SFT) is the background 
independence. Although perturbative string theory is constructed on a particular background, 
SFT is expected to connect different backgrounds by reexpanding the string field around the 
classical solution representing the new background. Hence, we expect that, with SFT we are 
able to understand how physics around the background changes dynamically. 

An ideal laboratory for this interesting mechanism is the open string sector. According to 
Sen pp, the tachyon in a certain open string theory with D-branes indicates the instability of 
the D-brane. After the tachyon condensates, we arrive at states of lower dimensional D-branes 
and finally at the true vacuum without D-branes (tachyon vacuum). In the SFT description 
[2] , the theories before and after the tachyon condensation, namely, the theories with D-branes 
of various dimensions and the one without any D-branes are connected simply by the shift of 
the string field $; $ — > &c + $ with $c being a classical solution of SFT. In this sense, the 
action of SFT is common among the backgrounds. 

This background independence of open SFT, however, leads to an apparent contradiction 
as we shall explain (let us consider the bosonic open string theory in the following). The open 
string field ^[X^cx), c(cx), 5(a)] is a functional of the space-time string coordinate X^(cr) as 
well as the (anti-)ghost coordinates, c(a) and b(a). Before the tachyon condensation (i.e., in 
open SFT in the presence of a space-filling D25-brane), the string coordinate X M (cr) and its 
conjugate momentum -P M (cr) = — i5 / 5X^{a) are subject to the Neumann boundary condition 



(BC) for all n = 0, 1, • • ■ 



25: 



dX^(a) 



0. 



(1.1) 



da 



(7=0, 7T 



da 



<T=0,7T 



Therefore, they are expanded in term of the cosine modes: 



oo 




(1.2) 



n=l 




(1.3) 



where £„(cr) and n n (a) are defined by 




(1.4) 



(1.5) 
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and (x,p) and (a n ,ajj satisfy 

=tf"„, K,<t] =8^4". (1.6) 

On the other hand, in open SFT in the background of lower dimensional D-branes, the string 
coordinates X J -(cr) perpendicular to the D-brane should obey the Dirichlet BC: 

X x (a = 0,tt) = a ± , (1.7) 

where a 1 - denotes the perpendicular coordinates of the brane. However, the two boundary 
conditions (jl.lj) and p. 7)1 are inconsistent if the two open string fields $( 25 ) and describing 
the fluctuations around a D25-brane and a Dp-brane with p < 25 are related through the shift 
$( 25 ) = $ c -)_ $(p) using the Dp-brane classical solution $c m the SFT around the D25-brane. 

One way to resolve this puzzle is to start with the open SFT of Witten [3] describing the 
D25-brane background and study the SFT obtained by reexpanding around the classical lump 
solution representing Dp-branes with p < 25. Although the classical lump solutions in the 
open SFT have been obtained in the level truncation approximation to give expected results 
for their energy density [U E| , it seems hard to give a definite answer to our question of the 
change of the boundary conditions within this approximation. In this paper we shall adopt 
another way: we start with vacuum string field theory (VSFT) |3IBj, which is a candidate 
SFT expanded around the tachyon vacuum without any D-branes. The space-time open string 
coordinate X^{a) as an argument of the string field of VSFT and its conjugate -F^((j) are 
subject to the Neumann BC and have expansions (jl.2|) and (jl.3|) since VSFT should describe 
the translationally invariant tachyon vacuum. What is good about VSFT is that exact lump 
solutions have been constructed [El HE EH!- Therefore, it is expected that we can carry out 
exact analyses on how the boundary condition switches to the Dirichlet one for the string 
coordinates perpendicular to these lumps. 

Then, in what sense can the boundary condition change from the Neumann one to the 
Dirichlet one in the lump solution background of VSFT? The most conservative and modest 
test is whether the physical excitation spectrum around a lump solution agrees with that on 
the D-brane. Here we would like to pursue another possibility: (X (cr), P±(cr)) acting on any 
fluctuation modes around a lump solution satisfy the Dirichlet BC due to some singular nature 
of the solution ^TJ ^] . Recall that the matter part of the p-dimensional lump solution 
in VSFT satisfying the projector condition 

*c*^c = ^c, (1-8) 
is factorized into the direct product of the projectors in each space-time direction: 

\9 C ) = \N)° <g> • • • ® \N) P <g> \D) P+1 <g> • • • ® \D) 25 , (1.9) 
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where |A^) M and \D)^ are the translationally invariant and the lump projectors for the direction 
[i. And the tachyon fluctuation mode around with center-of-mass momentum hi in the 
directions fi = 0, 1, • ■ ■ ,p parallel to the brane is given by injecting k» to the midpoint of 
ex P (ikuX "(7r/2)) \^c) [HI US] (higher excitation modes in the longitudinal directions are 
given by multiplying the tachyon mode by suitable combinations of the creation operators af} 
|16j). Therefore, in order for the change of the boundary conditions in the sense mentioned 
above is realized, it is at least necessary that the string coordinate X fJ, (a) acting on the lump 
projector |-D) M in the /i-th direction vanishes at the endpoints (we are assuming that the lump 
is located at a; M = 0): 

X^{a = 0, tt) = 0. (1.10) 

Besides the string coordinate X M (cr), its conjugate momentum -P M (cx) should also satisfy the 
Dirichlet BC on |-D) M . However, we must be careful about the string parameter a. It may 
happen that -P M (c) |-D) M diverges at the endpoints a = and tt although the Dirichlet BC (jl.lUj) 
for X^(a) is realized. In this case we must suitably choose a new string parameter s = s(a) 
in the neighborhood of each of the endpoints in such a way that both X M (cr(s)) |-D) M and 
P M (s) |-D) M have a regular series expansion in powers of s (we assume that s = corresponds 
to the endpoint). Here, -P M (s) with an argument s denotes the conjugate momentum associated 
with the new string parameter; -P M (s) = (da/ds)P fJi (a(s)). We should examine whether the 
Dirichlet BC for the new conjugate momentum 

P^s = 0) \Df = 0, (1.11) 

is satisfied or not. 

We carry out the test of the Dirichlet BC (Jl.lOj) and (jl.llj) on the one-parameter family of 
lump solutions given in jHldlj using the boundary CFT technique. We find that the condition 
(jl.lOj) for X M is satisfied only at a special value of the parameter. The condition (jl.llj) for the 
conjugate P M , however, cannot be satisfied even at that value of the parameter. The same test 
of the Dirichlet BC is done also for another one-parameter family of lump projector obtained 
in [Hj by the algebraic technique to lead to a negative result. Therefore, our conclusion is that 
the Dirichlet BC cannot be completely satisfied in the sense of (jl.lOj) and (jl.llj) at lease for the 
known lump solutions in VSFT. As a byproduct of our analysis of the boundary conditions, 
we find that, contrary to the previous expectation, the one-parameter family of lump solutions 
given in [01 QS] and that given in [Hj are different ones. 

On the other hand, it has been known that the matter projectors have peculiar properties 
at the string midpoint a = n/2: for example, we have X M (7r/2) l-D)^ = for the lump 
projector [TT].* This suggests that the midpoint could be interpreted as a kind of string 
*See also ^^0^3123 f° r issues concerning the midpoint in VSFT. 
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endpoint. We examine the midpoint behavior of the string coordinate and its conjugate 
acting on the projectors to find that the Dirichlet (Neumann) condition in the above sense is 
indeed satisfied for the lump (translationally invariant) projectors. Physical interpretation of 
this result, however, is still unclear. 

In the above analyses of the boundary and the midpoint behaviors, we implicitly assume 
that the original oscillators (a n , a£) of (jl.2|) and (jl.3|) are the fundamental ones and study 
the behavior of their coefficient functions. However, we can define a new set of oscillators 
which is different from (a n , a^) and in a sense more natural in discussing the behaviors of the 
string coordinates and their conjugates acting on projectors. The new annihilation operators 
are defined to annihilate a projector instead of the Fock vacuum of the string modes. We 
examine how the boundary and the midpoint behaviors are changed if we adopt the new set 
of oscillators as the fundamental ones. 

The organization of the rest of this paper is as follows. In sec. we carry out the analysis 
of the boundary and the midpoint behaviors of the string coordinate and its conjugate acting 
on a lump projector. In sec. El we examine the midpoint behavior of the translationally 
invariant projector. In sec. EJ we discuss the disagreement of the two kinds of lump projectors 
by making use of the boundary conditions. Then, in sec. EJ we repeat the analysis of the 
midpoint behavior for the translationally invariant projector by taking the new oscillators. 
Finally in sec. El we summarize the paper and discuss further problems. In the appendices, 
various technical details used in the text are explained. 



2 Lump projector 

As stated in sec. [TJ we would like to study the boundary and the midpoint behaviors of the 
string coordinate X(a) and its conjugate -P(cr) acting on the VSFT lump projectors. As a 
concrete example, let us first consider the lump solution proposed in jH] using the boundary 
CFT technique. Its explicit expression in the oscillator representation is given up to the overall 
normalization by [TU] 

/oo 
dp\D t (p)), (2.1) 
-oo 

with 

/ 1 00 °° 1 \ 

\D t (p)) =exp( -- Qmna ] m al+p^2t n a ] n - -\p 2 \\p) . (2.2) 

\ m,n=l n=l / 

Here and in the following, we omit the Lorentz index [i associated with the projector and the 
oscillators in it. In ()2.2|) . \p) is the eigenstate of the center-of-mass momentum p satisfying 

d 

p\p)=p\p), x\p) = -i—\p), (2.3) 
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and Qmn, 4i an d A are given as follows: 

o - — t dz h ' {z) I dw h '^ 1 h{z)h{ w )-e 

^ mn J 2m z™ J 2m w n (h{z) - h{w)f y/(t 2 -h(z) 2 ) (t 2 -/i(w) 2 )' ' 



-n 

" n 



z=0 w=0 

2 f dz h'{z) t 



(2.5) 



2=0 



2m z n h(z)^t 2 -h(zy 
A = 2 ln(2t) , (2.6) 

where the function h(z) and its derivative are 

1 1 + iz 1 
h(z) = arctanz = — In , h'iz) = -. (2.7) 

Note that the matrix Q mn and the vector £ n are both twist-even ones satisfying CQC = Q 
and CI = I with C mn = (— l) n S mn being the twist matrix. The present solution \D t ) carries a 
real parameter t which specifies the position of the twist operators in its BCFT construction."'' 
The value of t is restricted to t > 7r/4. 

Now letting X(a) (jl.2j) and -P(cr) (J1.3|) act on the solution \D t ) to express the result without 
using the annihilation operators, we get 



(2- 



X{a) \D t )=i Jdp(A(a)p-^J n (a)a{\ \D t (p)), 

P(a)\D t ) = ± Jdp\B(a)p-^K n (a)a^J \5 t (p)), (2.9) 

where the coefficient functions A(a), J„(cr), B(a) and K n (a) are 

A(a) = £ ■ £(a) - A, (2.10) 

J(<r) = (Q + l) £(*)-£, (2.11) 

B(a) = t ■ 7r(cr) + 1, (2.12) 

K(a) = (Q-I)tt(o-). (2.13) 

Using the integral representations (|2.4j) and (|2.5j) . we can carry out the infinite summations 
(i.e., the multiplications between matrices and vectors) in ([2.10)1 — ([2.13)1 to find that they are 
expressed in terms of two kinds of functions, C(a) and I n (cr)' 

2 t + -sJW^H^f 



^Our parameter i is equal to to in |1(J) . 



5 



'2n 



dz h'(z) 



1 



h(e 



ia-e\2 



z=0 



2m z n h(e ia - e ) - h(z) V t 2 - h(zf 



(2.15) 



where e is a positive infinitesimal and its origin is the regularization factor e ne multiplying 
£ n (cx) and 7T n (a). In fact, the following relations hold (see appendix |X] for their derivation): 



A(a) = C(a) + C(-a) = 2ReC(a), 
J n (a) = I n (a) + I n (-a) = 2 Re 4(a), 



B(a) 
KM 



1 d 

2i da 
1 d 

2i da 



C{a)-C{-a 
I n (a) - I n {-a) 



d 

da 
d 

da 



ImC(a), 
Im/ n (<r). 



Note that 



C(a)* = C(-a), 



IM* 



-a 



(2.16) 
(2.17) 

(2.18) 
(2.19) 

(2.20) 



Having finished the preparation, we shall proceed to the study of the boundary and the 
midpoint behaviors of (|2.8jl and 1)2.9)1 . Concretely, we shall examine the behaviors of the 
functions A(a), J n (a), B(a) and K n (a) which are the coefficients of p and a^. For the sake of 
the easiness of explanation, we shall first look at the midpoint behaviors. 



2.1 Midpoint behavior 

It has been known that the lump projectors \D) of VSFT share the property X(tt/2) \D) = 
)llj . Although the implication of this property is still controversial, it suggests that the 
midpoint could be interpreted as the endpoint. Here we shall study this property in more 
detail for the present \D t ) 1)2.1)1 for which the explicit calculation is possible. In particular, we 
are interested in the behavior of both X(a) \D t ) and P{a) \D t ) near the midpoint. 

First, it is easily seen from h(e ±ln ^ 2 ) = ±ioo that C(n/2) and J n (7r/2) are both pure- 
imaginary and hence we have A(tt/2) = J n (7r/2) = 0, implying that 



*(>«> 



0. (2.21) 



For studying the behaviors near the midpoint, it is convenient to express h(e ±lcr ) in terms of 
a new real parameter s (> 0) as 

'71 1 ( 7T\ 

- ± — , (0 < a < -) , 

■ 4 2s V 2/ ' . 

h(e ±la ) = { (2.22) 

7T % (TX \ 

-- ± — , - < a < 7T . 

4 2s' V2 
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The explicit relation between a and s is 

1 , 1 + sin a,2 . 
~ = ln- ~ ln^— r , 2.23 

s |coscr| <t~| I (7r/2) — cr | 

and the point s = correspond to the midpoint a = 7r/2, while s = oo to the endpoints 
cr = and Ti. Then, it is easily seen that both C(a) (|2.14|) and I n (a) (j2.15|) have regular series 
expansions in powers of s around s = 0, and that their real (imaginary) parts are odd (even) 
functions of s. For example, we have 

C{a{s)) = | - 2ts - ic(| - a) nts* + + ^ ts 3 + 0(s*) , (2.24) 

where e(x) = 1 (—1) when x > (x < 0). Therefore, X(cr(s)) has an expansion in odd 
powers of s, which is consistent with the Dirichlet condition (j2.21|) . Symbolically we have 

X(a(s))\D t ) = s + s 3 + s 5 + .... (2.25) 

This implies that the natural string parameter near the midpoint is not the original one a but 
rather is s. Therefore, as the momentum variable conjugate to X(s) = X(a(s)) we should 
take P(s) which is related to the original -P(cx) by* 

P(s) = ^P(a), (2.26) 

in order to satisfy 

[X(s),P(s')}=i5(s-s'). (2.27) 
For this P(s), P{s) \D t ) is given by ()2.9|) with B(a) and K n (a) replaced with 

B(s) = ^B(a) = ^lmC(a), K n {s) = ^ K n (a) = ± Im/», (2.28) 
as as as as 

respectively. Recalling that lmC(a) and Im/ n (cr) are even in s, we have symbolically 

P(s)\D t ) = s + s 3 + s 5 + .... (2.29) 

Namely, P(s) \D t ) also satisfies the Dirichlet condition at the midpoint. However, P{u) \D t ) 
with the original string parameter a is divergent at the midpoint. This is seen from 

^ = -— ~ -- s 2 e l ' s - oo, (2.30) 
da coscr s~o 2 

obtained from (|2.23p . We shall discuss the implications of our result on the midpoint behaviors 
in sec. El 



use the same symbol for the operators related by a conformal transformation and distinguish them by 
their arguments. 
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2.2 Endpoint behavior 



Next let us study the behaviors of X{&) \D t ) and P(o) \D t ) near the endpoints a = 0, tt, which 
are directly related to the change of the boundary conditions (in the following we consider 
a = 0). The endpoint behaviors of the basic functions C(er) (j2.14j) and I n (a) (j2.15|) are 
completely different between the cases of t > tt/A and t = tt/A since we have h(l) = tt/A: C(a) 
and I n (a) have regular Taylor expansions in powers of a for t > 7r/4, while their expansions 
are in odd powers of \fa (in particular, we have C(0) = J„(0) = 0) when t = 7r/4. Explicitly, 
using the expansion 

h(e») 



TT 



4 



+ ^ 



(2.31) 



we have 



C(a) 



In 



tt/4 



2it 



t+^ 2 -(vr/4) 2 vrv/t 2 - (tt/4) 2 

2t (t 2 -(7T 2 /8)) 



vr 2 (t 2 - (vr/4) 2 ) 3/2 



(T 



0(a 3 ) 



TT 



and 



7T 



c?2; h'(z) 



1 >/4 f - 



a\3/2 



TT 



+ 0((T 5 / 2 ) 



t > 



7T 

t = - 



(2.32) 



z=0 



2ixi z n (tt/4) - h(z) 
It 2 - (tt/4) 2 f z (t 2 - (tt/4)/i(z)) 



x < 



t 2 - h(z) 2 

1 



2 (t 2 - (tt/4) 2 ) ((tt/4) - 



a 



+ 0(a 2 ) 



7T 



-i-rr/4 



7T(J — 



e^/ 4 (3tt/4) + /i(^) 
4tt 2 (n/A)-h(z) 



7T(J 



,3/2 



t > 



7T 

t = - 

4 



(2.33) 



This result implies that, for t > tt/4, the original Neumann BC of X(a) and P(cr) is kept 
unchanged even if they act on \D t ). However, the boundary condition is changed when these 
coordinates act on 1)^/4) at the special value t = n /A which corresponds to putting the twist 
operators at ends of the local coordinate in the BCFT construction of the solution jHHIUl- Let 
us concentrate on the latter case in the rest of this subsection. First, X(a) satisfies the 

Dirichlet BC at the endpoints: 

X(0) \D V/A ) = 0. (2.34) 

Next, for considering the boundary condition of the conjugate momentum P, we have to 
specify the natural string parameter near the endpoints as we did for the midpoint in the 
previous subsection. Since (|2.32J) and ()2.33|) for t = n/A are expanded in odd powers of y/a, 
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the natural string parameter near the endpoint a = is u = \fa rather than the original a. 
For X(u) = X(a) we have symbolically 

X(u) \D w/i ) = u + u 3 + u 5 + ... . (2.35) 

However, the expansion of P(u) = (da/du)P(a) acting on 1 1)^/4) is in even powers of u: 

P(u)\D n/4 ) = l + u 2 + u 4 + ... . (2.36) 

Therefore, even at the special point t = 7r/4, the boundary condition of P(u) I-D71-/4) remains 
Neumann although that of X(u) |Z? 7r / 4 ^ is changed to Dirichlet. The change of the boundary 
conditions in the background of the lump solution (|2.1|) cannot be completely realized in the 
expected manner even in the case t = 7r/4. 



3 Midpoint behavior of the Neumann projector 

We have seen in sec. 12.11 that the string coordinate and its conjugate momentum acting on 
the lump projector (j2.1|) perfectly satisfy the Dirichlet condition at the midpoint. In this 
section, we shall carry out the same kind of midpoint analysis for the translationally invariant 
Neumann projector \N) of VSFT [S], which is given up to normalization by 



|iV)=exp(-i J2 S mn ala{\ \p = 0) , (3.1) 

\ m,n=l / 



where the matrix S mn has the following integral representation: 

Smn = 1 / 1 i (3. 2) 

J 2m z m J 2m w n (h{z) - h{w)f 

z=0 w=0 

Since S mn is equal to the t — ► 00 limit of Q mn ()2.4|) for the lump projector, i.e., S mn = 
lim^oo Q mn , most of the necessary formulas are obtained by simply taking the limit in the 
corresponding equations in sec. |2]for the lump projector. We have 



00 



X{a)\N)= fx-zgj n »atj \N) , (3.3) 

1 00 

P(cr)\N) = —J2K(a)aUN), (3.4) 

n=l 

where J^(cr) and (a) are given by 

J N (cr) = (S + 1) S(a) = lim (J (a) + t) , (3.5) 

t—tOO 
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K N {a) = (S - 1) tt(o-) = lim K{a 



t— >oo 



(3.6) 



Taking the t — > oo limit in ()2.17|) and ()2.19|) . we obtain 

J%{a) = 2ReI%{a)-V2t r , 

da 



(3.7) 
(3.8) 



where 1% (cr) given by 



lim J n (cr) 



dz h'(z) 



z=0 



2m z n h(e ia - e ) - h(z) 



and t n is the vector appearing in the fluctuation modes around the solution \N) 



(3.9) 



lim > 

t— >oo 



dz h'(z) 
n J 2m' z n h(z) 

z=0 



-V2t n . 



(3.10) 



The natural string parameter in the present case is again s of ()2.22j) . However, contrary to the 
case of I n (ff), the present 1^ (cr) without a/ (t 2 — h(e la ) 2 ) / (t 2 — h(z) 2 ) has the property that 
its real (imaginary) part is even (odd) in s. Therefore, corresponding to ()2.25|) and ()2.29|) . we 
have 



X(s)\N) = 1 + s 2 + / + ..., 
P(s)\N) = l + s 2 + s A + .... 



(3.11) 
(3.12) 



Namely, both X(s) \N) and P(s) \N) are subject to the Neumann condition at the midpoint 
with respect to the new parameter s: 



±X(s) \N) 
ds 



= ^P(s) \N) 
s=o ds 



0. 



s=0 



(3.13) 



As for the boundary conditions of (X(a), -P(cr)) \N) at the endpoints a = and tt, they remain 
Neumann since nothing singular happens at the endpoints for the Neumann projector \N). 



4 Another lump projector 

Besides the lump projector \D t ) which we discussed in sec. El there is another kind of lump 
projector constructed in 8\. In this section we shall discuss the relationship between the two 
lump projectors by making use of their boundary behaviors. 
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First, let us summarize the lump solution of jS]. In its construction, they introduced the 
zero-mode oscillator (ao, a ) which satisfies the usual commutation relation [ao, %] = 1: 



ao = -^-p-^a;, a = —p + —x, (4.1; 



where b is an arbitrary positive parameter. The lump projector of |S] is given up to 
normalization by 



») = ex P ( -g 5 mn a m4 ) 

\ m,n=0 / 



(4.2) 



where 1 is the state annihilated by all a n including a^. 

a n \Q b ) = 0, (n > 0). (4.3) 

The coefficient matrix S' in the exponent is given in quite a similar manner to the algebraic 
construction of the translationally invariant solution ()3.1j) [2T| |H] . We have to add a prime to 
all the matrices indicating that they are extended ones including n = 0. First, 5" is related to 
another matrix T' by 

S' = C'T', (4.4) 

with the (extended) twist-matrix C' mn = 5 mn (—l) n (m, n > 0), and T" is given in terms of the 
primed Neumann matrix M' Q by 

T = 2M^ i 1 + K ~ V(l-M^(l + 3M^ . (4.5) 
Mq is expressed in terms of the unprimed Neumann matrix Mq and the vectors Vq and V\ by§ 



/ 2 b Vlb T \ 



(M^) 00 (M^) 0n 

(M^) m0 (Mq) 



^ Vq Mq + i (-3VoVo + ^l^ll 



(4.6) 



where /? is 

/? = 2K 00 + ^, (4.7) 

with 



V»„ = 5 1^5jj. (4.8) 

The solution ()4.2j) has a free parameter b. It was conjectured that b is a kind of gauge parameter 
jH] although no proof has been given yet. 

§Our convention of the Neumann matrices and vectors is given in |13| . 
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Using the relation 



-1/4 



expi --p 



Vb 



pal 



n 2 



\n b ) 



(4.9) 



the lump projector (|2.1j) we considered in sec. |2]can also be put into the squeezed state form 
(14. 2j) using the zero-mode oscillators. The corresponding 5" is 



ql 

J, 



nO 



Qr 



qf 



A + (6/2)' 
Vb 



A + (6/2) 



(m, n > 1) 



in, (n > 1), 



S' 



oo 



A ~ (6/2) 
A + (6/2)' 



(4.10) 
(4.11) 
(4.12) 



Now let us proceed to discussing the relation between the lump solutions. It was conjec- 
tured in 10 that the two lump solutions, ()2.1|) with parameter t and (J4.2j) with 6, are the same 
thing; namely, they agree each other by giving t as a function of 6 (or vice versa). Numerical 
analysis for the relations ([4. 10)1 - ([4. 12)1 was carried out in [TU] to obtain results supporting the 
conjecture. In this section, however, using the boundary conditions of X{a) acting on the two 
kinds of lump projectors, we present a negative result for the agreement of the two. More 
precisely, we shall show that the solution 1)2.1)1 at t = it /4 cannot coincide with the other 
solution ()4.2j) for any value of the parameter 6.' 

First recall 1)2.34)1 . namely, that X(0) acting on the solution 1)2.1)1 at t = 7r/4 vanishes. On 
the other hand, for the solution ()4.2jl we have 



X(a) |S 6 ) = -i [o* ■ (S' + 1)CV)] \* b ) 
where the primed vectors C'( cr ) an d o! are defined by 

/ Vb \ 



(4.13) 



— cosna 
n 



(Vb\ 

2 



(4.14) 



and a' = (a , a l5 a 2 , • • ■ ) T including a , respectively. Therefore, the condition for 

X{0) \E b ) = 0, 
is (S' + 1)^'(0) = 0, which is equivalent to 



1 -I- C 

(T> ± i) i4^(0) 



0. 



(4.15) 



(4.16) 



^From the (numerical) agreement of the two S' 00 , S' 00 for H4.2J) given by (|4.5|l and S' 0Q of H4.12(l . it was 
claimed in ^H] that t = ir/4 corresponds to b ~ 1.16. 
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for the twist-even and odd parts of £'(0). Since T' is given by (|4.5|) in terms of Mq, these 
conditions are translated into the following two: 



1A1 + CV , 



e(o) = o, 



(M^-l)^— -^(0)=0. 



(4.17) 
(4.18) 



Let us consider the first condition ([4.17)1 . Its LHS is given, using (J4.6)) and that v is twist-even, 
by 



M> + 



1\ l + C' 



/ 



V/3 V\/2 



26 



/3 



2a/2 



3w -£((t) )v + M + 



1\ l + C 



(4.19) 



and hence (J4.17jl is reduced to the following ^-independent conditions for the unprimed quan- 
tities: 



M + 



v ■ £(<T 

1\ l+C 



2V2 



V, 



00; 



iW) = ~V2v . 



(4.20) 
(4.21) 



However, the condition ()4.20|) can be shown to be invalid. In fact, the LHS of (|4.20|) is 
calculated using the integral representation of v to give 



(4.22) 



A derivation of 1)4.22)1 is given in appendixEl Therefore, the boundary condition 1)4.15)1 cannot 
hold for any value of the parameter 6, and hence l-D^) at t = 7r/4 cannot agree with |H&) for 
any 6." 



5 New oscillators 



When we considered the boundary or midpoint behaviors of (X(cr), P(er)) acting on the various 
projectors |Proj), we studied the coefficient functions of |Proj). However, there is a priori no 
reason why we have to look at the coefficients of |Proj) with the original creation operator 
g4; in particular, a' n is not a finite operator on the projectors in the sense that the norm of 
a) n |Proj) is not finite even if |Proj) is normalized. 

11 Eq. QFZty at the midpoint holds also for \E b ) since we have (S' + 1) £'(tt/2) = [TT]. 
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In this subsection, we shall propose another way of considering the boundary or midpoint 
behaviors. This is to take, instead of the original a n , the following b n :** 

b' = - 1 (a' + S'a*) , (5.1) 
VI - S' 2 v ; 

with b' = (b , bi, b 2 , ■ ■ ■ ) T including b . Here we are considering a lump projector (|Proj) = \D t ) 
or |5ft)) of the form (|4.2jl in the (ao, %) representation for the zero-mode. The basic properties 
of b n are that it annihilates the solution, 

6„|Proj) = 0, (n = 0,l,2,...), (5.2) 

and that it is normalized: 

[b m , bl] = 5 mn . (5.3) 

In terms of the new oscillator (b n , b' n ), the string coordinate and its conjugate momentum are 
expanded as 

X(a) = i {b'-b'^.E'(a), (5.4) 
P(a) = i(6' + 6't).n'(a), (5.5) 

where the function sets S'(er) = (E' n (a)) and n'(er) = (Jl' n (a)) are defined by 

'1 4- Q'\ X / 2 

1 ^M, (5-6) 



with £'(a) of (O^ and 



7T CT 



1 - 5' 

n V)=(j^|7] (5.7) 



/ ± \ 

Vb 



n 

W 2 cosn v 




(5.8) 



If we regard (b n , b^) as the basic oscillator, it is the behavior of S'(cr) and n'(cr) at the 
boundary or the midpoint that matters. However, this analysis is not an easy task for the 
lump solutions since there appear square roots of matrices in the definitions ()5.6|) and (|5.7|) . 

For the translationally invariant solution \N) (|3.1|) . we can similarly define new oscillator 
b n annihilating \N). It is given by the unprimed version of (|5.1jl . The corresponding mode 
functions are 

1 + 1/2 



S(a) = ( T — ^ ) |(a), (5.9) 



**The change of oscillators from a' to 6' was considered previously by [22] in the context of half-string 
formalism ^|^JE3|2]]. We are grateful to the authors of [221 f° r informing us of their work. 
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S 



s 



1/2 



7r (a 



(5.10) 



In this case of \N) we can carry out explicit calculations since the eigenvalue problem of the 
Neumann matrices has been solved completely |2Sj- We present the outline of the calculation 
in appendix |B| In the neighborhood of the midpoint er = ir/2, H„(cr) is expanded in odd 
powers of ,/s with s defined by ()2.22j) : 



^n(c) = const. + 
On the other hand, IT n (cr) is given as 



dz h'(z) 
2iri z n 



Hz) 



,3/2 



0(s b ' 2 ) 



(5.11) 



n n («r) 



d 

da 



w n {a) 



with w n (a) having also an expansion in odd powers of y/s: 



1 



w n (a 



dz h'(z) 



2n J 2tt2 z r - 



; 5/2^ 



(5.12) 



(5.13) 



2=0 



Recall that /^(cr) giving J N (a) ()3.5|) and K N (a) ()3.6|) has an expansion in integer powers 
of s. In the present case the expansions have been changed to those in terms of half an odd 
integer powers of s. This is due to the square roots in (j5.9J) and ()5.10|) and that the matrix S 
has the eigenvalue 1 (see appendix lB|) . 

Eq. 1)5.11)1 and (j5.13j) imply that the natural string parameter near the midpoint is v = y/s 
rather than s. The mode function Tl n (v ) for the momentum P(v) corresponding to the string 
parameter v is 



IlJv) 



d 
dv 



Im w r , 



dz h'(z) 
2ni z n 



l + 3h(z)v 2 + 0(v A ) 



(5.14) 



and it is subject to the Neumann condition at the midpoint (namely, (d/dv)U n (v) = at 
v = 0). However, S n (t>) = H„(cr) (|5.11|) for the coordinate X{y) has an expansion in odd 
powers of v and does not satisfy the Neumann condition at the midpoint. Namely, the midpoint 
behavior of the string coordinate acting on \N) of ()3.1|) depends on the choice of the basic 
oscillators, (a n ,al) or (6 n ,6jJ. It is our future problem to carry out similar analysis of the 
boundary behavior for the lump projectors. 



6 Summary and discussions 

In this paper we studied the endpoint and the midpoint behaviors of the string coordinate 
and its conjugate momentum acting on the various matter projectors in VSFT. Our original 
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expectation was that the Dirichlet BC is realized on the lump projectors in spite of the fact 
that the string coordinates are defined to obey the Neumann BC in VSFT. Our findings are 
summarized as follows: 

• The endpoint and the midpoint behaviors of the lump projector \D t ) (|2.1|) with a pa- 
rameter t and those of the translationally invariant projector \N) (j3.1|) are summarized 
in table [T] Here, we adopted the original oscillators (a n ,ajj as the basic ones; namely, 
we examined the behaviors of the coefficient functions of at in (X, P) |Proj). 

• The string coordinate acting on another lump projector (J4.2j) carrying a parameter 
b does not satisfy the Dirichlet BC at the endpoints for any 6. This is a negative result 
against the identification of the two lump projectors \D t ) and [TU] . 

• If, instead of the original oscillators a n , we adopt as the basic oscillators the new set b n 
(|5.1|) which annihilates the projector, the Neumann property of X(a) \N) at the midpoint 
no longer holds. 





endpoint 


midpoint 


X 


P 


X 


P 


P>t=n/4) 


D 


N 


D 


D 




N 


N 


D 


D 


\N) 


N 


N 


N 


N 



Table 1: The endpoint and the midpoint behaviors of the string coordinate X and its conjugate 
momentum P acting on the projectors \D t ) and \N) of VSFT. N and D denote the Neumann 
and the Dirichlet conditions, respectively. 

There remain many questions left unanswered. First, as seen from table ^ our original 
expectation on the dynamical change of the boundary conditions of (X, P) from the Neumann 
to the Dirichlet on the lump background is not completely realized. Even in the case of 
\D t ) at t = it/ '4, the conjugate momentum remains Neumann at the boundary although the 
string coordinate obeys the Dirichlet BC. This may imply that our expectation that change 
of the boundary conditions occurs in (X, P) |Proj) is too strong. Another possibility would 
be that the change of the boundary conditions is realized in the coefficient functions of other 
set of creation operators in (X, P) |Proj) than the original a^. A candidate of such new set 
oscillators is (fr^o^) of sec. In this paper, we saw only that the midpoint behaviors of 
(X, P) \N) are different between the and the W n cases. Carrying out a complete analysis of 
the boundary conditions using 6^ for the lump projectors \D t ) and \E b ) is one of our future 
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problems. Analysis of the eigenvalue problem of the primed Neumann matrices in [21] may be 
useful. It is interesting if the new set of oscillators have special meaning in the construction 
of the fluctuation modes around the solution in VSFT [T4*l I16j. 

Our second problem is the interpretation of the midpoint behaviors of (X, P) |Proj). In this 
paper, we found that the midpoint obeys perfectly the Neumann and the Dirichlet condition 
in the cases of the translationally invariant and the lump projectors, respectively. This may 
merely be a manifestation of the singular nature of VSFT with purely ghost BRST operator ^TJ 
EH] . A more positive and radical interpretation of this phenomenon would be that the midpoint 
is in fact the open string boundary. In particular for \N), the property J^ 2 daP(a) \N) = 
implying naively that we can split the left and the right halves of the open string [TTl l!?o] seems 
to support our expectation. Pursuing this possibility is also our interesting future problem. 
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Appendix 

A Derivation of (^JB)-($2JM) and ( 14321 ) 

In this appendix we briefly summarize the points in deriving (|2.1fij) - (|2.19j) and (j4.22jl . In 
carrying out the infinite summations in (|2.10j) - (|2.13j) . we multiply £ n (cr) and ir n (a) by the 
regularization factor e~ ne and let e — > +0 in the end. Let us consider, for example, J n (a) 
()2.11|) . For this it is convenient to use another expression of Q mn , 



fn_ f dz h'(z) f dw 1 1 t 2 - h(w) 2 

Qmn ~ \Jmf 2ri~lF~ J 2riw n+1 h(w) - h(z) V t 2 - h{z) 2 ' ( ' ^ 



z=0 w=Q 



which is obtained from (|2.4jl by integration by parts. Then the first term on the RHS of (j2.11j) 
with the regularization is given by 



n=l 
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dz h'(z) / dw 



1 



h(w) 



z=0 



2m z m J 2m h(w) - h(z) V t 2 - h(z) 2 2w 



L E 

'?/! 



we 



ezcio 



(A.2) 



The contour C w of the w-integration should be such that encloses w = e ±la ~ e but excludes 
the branch points w = ±z of h(w). The former requirement is due to the convergence of 
the geometric series 5^nLi cos nae~ ne /w n+1 . Therefore, we should take residues at four points 
w — 0, z, and e~ e±lcr in carry out the ^-integration (the contour of ^-integration is a small 
one enclosing z = 0), which give £ m , — ^ m (c) and J m (±cr), respectively, in the limit e — > +0. 
This finishes the proof of ()2.17|) . Derivations of ()2.18|) and (j2.19|) are quite similar. 

Next, the derivation of (j2.16|) is a bit more involved. The first term of A (a) ()2.1()j) with 
the regularization factor is written as 



n=l 



dz f d 



1 



z — e 



±j<T— e 



(A.3) 



where the contour C z is the same one as C w for (|A.2|) . and U(z) is given by 



U(z) 



h(z) 



t+yjt 2 - h(z)' 



(A.4) 



Note that U(z) is regular inside C z , in particular, at z = 0. By taking as C z the ones running 
just above and below the logarithmic cut connecting z = and e ±lo " _e for each of the two 
terms in the summation Y^ ± in (|A.3|) . we see that the contribution to (jA.3|) of the (d/dz)U(z) 
term is Yl± (hi £7(0) — \nU(e ±lcr )) = X + C(a) + C(— a), while that of the —1/z term vanishes. 
Hence we get (I2.16J) . 

Finally, we present the derivation of (|4.22j) . which is quite similar to that of (J2.16j) explained 
above. For this we need the integration formula for the Neumann vector v : 



(«o)t 



i r dz f(z) 

J 2m z n 



with 



/(*) 



z=0 



1 + iz 



iz 



1 



2/3 



f{z) 



1 f{z)-LO f(z)-U* 

4i f{z) 



3 1 + z 2 ' 



to 



Then, Vq ■ with the regularization is calculated as follows: 



n=l 



4/^^ln^(,) + -)^ln 



3V2 J 27ri \dz 



2TTi/3 



-,±icr- 



(A.5) 



(A.6) 



^E'« 



3V2 



W(0) 
H/(e ±iCT ) 



2V2 



V, 



00 



±i<r\ 



3v/2 



(A.7) 
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where W(z) is defined by 



W(z) = U{Z) - 1)2 fA 

W[Z) {-z*){f{z)-u>){f{z)-uj*y [ ■ 



and we have used that W(0) = 2 4 /3 3 . Putting a = in (JA~7|) and using that W(l) = 1/2, we 
obtain (jOS). 



B S(cr) and U(a 

In this appendix we derive the series expansions (J5.ll)) and (|5.13j) of the functions S(cr) 
()5.9|) and U(a) ()5.10|) near the midpoint. We apply the technique developed in ~2H| and 
[2*71 12*5] for the eigenvalue problem of the Neumann coefficients of the translationally invariant 
solution. Here we use bras and kets for the vectors by following "2TJ EE]- Let \k) be the 
eigenvector of the the infinite dimensional symmetric matrix K\ with components {Ki) mn = 
— \J{m — l)m <5 m „i in — ^Jmim + 1) 8 m+ i^ n corresponding to the eigenvalue k: 

Ki \k) — k\k) , (— oo < n < oo) . (B-l) 

The Neumann matrix Mq is expressed in terms of K\ as Mq = — (1 + 2 cosh (7ri^i/2)) _1 , and 
hence \k) is also the eigenvector of T = SC given by ()4.5j) without primes: 

T\k) = -e~ ( " /2)|K| \k). (B.2) 

Other basic formulas concerning \k) are 

(„|«) = / (1 - e _, * W ) , (B.3) 

2 = 

(7|k) = -|-k), (B.5) 

where |n) (n = 1, 2, 3, • • • ) is the vector with its n-th component equal to one and all other 
components equal to zero. 

The inner-products of \k) with the vectors |£(cr)) (|1.4|) and |vr(cr)) (|1.5|) are calculated using 



B.3|) to give 

V2 



(^(a)) = ^Re(l-e-^), (B.6) 
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Then, using the above formulas and 



1±S\ 1/2 , , 1±TC 



K \ = 1 ±TC \ K ) = 1 : f| K )± e -fr/ 2 >N|-/A (B.8) 



we obtain 



c„ cm 



= \/I Re / " La(/l(z)) " + h W - L M^) - h(z))}, 

2 = 

(B.9) 

where Li(h) and L 2 (h) are defined by 

L 1 (A)=/ (e-** - e" fc ) , (B.10) 

/•°° A K P -(V 2 )« 



Similarly, w„(cr) of (|5.12|) is given by 

w n (a) = 4= Im / ^:^( MM*)) + L 2 (/i(z)) - L x (/»( e <*) + + L 2 (/»( e *) - &(*))). 



2n / 2th z n 

2=0 



(B.12) 

The functions L±(h) and L/2(h) are expressed in terms of the gamma functions as 

^H-^Wl + ^W^WMWi + ^, (B.13) 



71-3/2 |y 7T/\2 7T / \ 7T / V 2 7T 

and 



The expansions (|5.11j) and (|5.13jl around the midpoint are obtained by using the definition 
()2.22j) of the parameter s and the Stirling formula for the gamma function. 
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